The effects of viscoelasticity on the expansion of gas bubbles arranged in a hexagonal array in a polymeric fluid are investigated. The expansion is driven by the diffusion of a soluble gas from the liquid phase, and the rate of expansion is controlled by a combination of gas diffusion, fluid rheology and surface tension.
Introduction
Polymeric foams are used in a wide variety of applications due to their low weight, and sound-and shock-absorbing properties. In thermoplastic injection moulding a polymeric liquid containing a foaming agent is injected at high pressure into a mould. As the pressure is reduced, bubbles nucleate and expand forming a polymeric foam. The solid-state properties of the resulting foams depend crucially on the size and shape of the polymer interfaces between the bubbles.
Most previous studies of bubble growth have considered the growth of individual spherical gas bubbles in isolation in either Newtonian [1, 4, 2, 10, 21, 22] or viscoelastic fluids [3, 12, 19, 18, 23, 24, 25, 27] . Our earlier paper [9] provides a more detailed review of these 'cell models', where the bubbles are surrounded by a spherical shell of fluid and expand due to the diffusion of gas into the bubble from the surrounding liquid.
In practice bubbles will not remain spherical as the bubble volume fraction increases due to external shear or extensional flows in the polymer melt or because of the presence of neighbouring bubbles. Schwartz and Roy [20] studied a system of closely packed gas bubbles in a gelling liquid using a lubrication approximation for the flow in the films between bubbles. The changing rheology of the fluid is captured using a generalised Newtonian fluid with viscosity dependent on reaction completion. Pozrikidis [17] considered the expansion of two-dimensional bubbles surrounded by a Newtonian liquid, in square and hexagonal arrays, for a specified areal expansion rate.
In this paper we shall study the effects of neighbouring bubbles by considering bubble growth in a symmetric two-dimensional foam of identical gas bubbles. In static foams, the surface tension forces acting on the films separating neighbouring bubbles must be in equilibrium at the Plateau borders where films meet. Thus, in a two-dimensional foam three films joined at a common line must meet at 120
o . Consequently we can construct a symmetric two-dimensional foam from a hexagonal array of cells. We shall compare the solution of the full two-dimensional equations governing bubble growth, using a finite element method, with two one-dimensional approximations. The first approximation is that of circular symmetry which is appropriate for low volume fractions. The second is the opposite extreme: a one-dimensional approximation for bubbles separated by thin liquid windows.
During expansion the fluid between bubbles is subjected to an almost purely extensional flow. For most calculations we shall use the Oldroyd B model as this simple model captures the strong extension hardening found in dilute polymer solutions. However, in order to study the effects of weaker strain hardening we will also consider bubbles expanding in a fluid described by the pom-pom constitutive equations. In this model, which is appropriate for branched polymer melts, there is an upper bound on elastic stress due to branch point withdrawal.
In three dimensions four films meet at angles of 109.47 o . Unlike the twodimensional case, it is not possible to construct a symmetric three-dimensional foam with planar faces. Although we will not solve the full three-dimensional flow, in view of the geometric differences between two and three dimensional bubble growth we also study two axisymmetric problems that model the stretching of a strut in an open cell foam and the expansion of a circular window between bubbles in a closed cell foam.
Throughout this paper we shall assume that the expansion rate is sufficiently small that fluid inertia may be neglected, bubble growth is isothermal, and the bubble-fluid interface remains in thermodynamic equilibrium.
Fluid Model
The stress in a liquid is made up of an isotropic pressure and an extra stress determined by the fluid model,
With the exception of section 5 the liquid surrounding the bubble is modelled as an Oldroyd B fluid which may be derived from the kinetic theory of a suspension of linear elastic dumbbells [5] . The viscous drag on the molecule is represented by the drag on the dumbbell ends and the entropic force restoring the molecule to an equilibrium configuration is represented by a Hookean spring. Contributions to the extra stress, σ, come from a Newtonian viscous term with solvent viscosity µ, and a polymer stress with elastic modulus G and configuration tensor A, σ = 2µE + G(A − I).
where u is the fluid velocity. The configuration tensor, A, is the ensemble average of the second moment of the dumbbell end-to-end vector and satisfies
where 
Bubble Growth in a Two-Dimensional Hexagonal Lattice
We consider identical two-dimensional bubbles arranged in a hexagonal lattice. Due to the symmetry of this system we need only perform calculations on a triangular region making up 1/12 of the hexagonal cell, shown in figure 1. Bubble expansion is driven by the difference in pressure between the gas pressure inside the bubble, p g (t), and the ambient pressure outside the system, p a .
Neglecting inertia, the governing equations are conservation of momentum,
together with conservation of mass
By symmetry there are no tangential tractions and no flow through the boundary of the element and so by specifying the rate of increase of the cell length, L, these equations can be solved for the velocity and pressure within the fluid. In order to findL we consider the work done by the fluid stress, bubble gas pressure, ambient pressure and surface tension (S) in changing the bubble area an infinitesimal amount. Since the fluid is incompressible any increase in bubble area produces an equal increase in the size of the system, which does work against the pressure p a outside the system. This gives the following equation relating the cell expansion rate to the gas pressure difference,
Here, A f is the fluid area, A b is the bubble area in the 1/12th sector, and C is the length of the liquid-bubble interface.
The concentration of gas in the liquid, c(x, t) is governed by the mass transport equation
with diffusivity D. The concentration along the bubble-liquid interface (CD in figure 1 ) satisfies Henry's law (c = Hp g where H is Henry's constant), and we impose zero concentration flux along the three remaining boundaries (AB, AD and BC).
Mass conservation across the fluid-bubble interface relates the current gas pressure in the bubble to the amount of gas that has been transferred from the fluid:
Here R and T are the gas constant and temperature respectively.
Non-Dimensional Equations
We scale length with the initial bubble radius, R 0 , time with the polymer relaxation time, τ , and the pressure difference, p g − p a , with p g0 − p a , where p g0 = c 0 /H is the equilibrium pressure at the initial solvent phase concentration. From equation (4) we obtain a dimensionless form of the energy equation
Here P g = pg−pa p g0 −pa is the dimensionless gas pressure difference and σ, E, A f , A b and C are now the dimensionless forms of these quantities. Applying these scalings to the Oldroyd B equation (1) results in
Scaling the gas concentration with RT /p g0 we obtain the dimensionless form of the gas transport equation
together with boundary conditions
at the bubble-liquid interface CD (10) n · ∇c = 0 on the boundary AB, AD and BC.
Integrating the equation for the flux of gas across the bubble surface (6) over time gives
The dimensionless groups arising are summarised in table 1. Equations (7) - (11) together with dimensionless forms of (2) and (3) provide the dimensionless equation set governing bubble growth. Φ is the dimensionless form of the Henry's law constant and is the ratio of the solvent phase to gas phase concentrations. Taking a value for Henry's constant H = 1.05 × 10
gives Φ = 0.32 for a temperature of 370K.
ratio of the bubble growth rate at the zero-shear-rate viscosity to the relaxation rate of the polymer viscosity ratio β =
Gτ µ+Gτ
proportion of zero-shear-rate viscosity contributed by the polymer capillary number Γ = R 0 (µ+Gτ ) Sτ ratio of viscous forces (based on zero-shear-rate viscosity) to surface tension gas solubility Φ = RT H ratio of solvent phase to gas phase concentration
ratio of the polymer relaxation time, τ , to gas diffusion time, T d Table 1 Dimensionless groups arising in the non-dimensional formulation of the equations governing bubble growth.
Finite Element Solution
The presence of the free surface, and the absence of flow through the boundaries, makes the flow calculation well suited to Lagrangian computational methods. Consequently we shall use the split Eulerian-Lagrangian finite element method developed by Harlen et al. [13] . The equations are solved on triangular finite elements that move and deform with the fluid.
Following the approach taken in reference [13] the polymeric stress is split into a 'viscous' part equivalent to the stress exerted by the dumbbell in order to retain its current length and an 'elastic' part caused by changes in the length of the dumbbell. Using equation (8) we may write the polymer contribution to the stress
T ) is the vorticity tensor. Thus the extra stress can be written in the form
where µ ijkl = (δ ik + βA ik )δ jl + δ ik (δ jl + βA jl ) is an effective viscosity. This allows the momentum equation to be rewritten as
At each time step, equation (12) together with conservation of mass are solved via the finite element method for current values of A and
•
A and an estimate for the expansion rateL. By separating the terms in equation (7) into those that are linear and quadratic in the velocity we can obtain a new estimate foṙ L. The velocity is then recalculated and the value ofL is further refined by linear interpolation. In practice at most three iterations are required to find the correct value ofL.
Once the velocity field has been found, the positions of the nodes of the finite elements are updated. The configuration tensor A is then found by integrating equation (8) in the frame of the deforming element, where the upper convected derivative becomes dA dt . The solution for A is thereby reduced to a first-order ordinary differential equation.
The gas transport equation (9) is solved using the same finite elements used to solve the momentum equation and makes use of the Lagrangian nature of the grid to remove the advection term. We use a backward Euler scheme to discretize time; the Laplacian is discretized using the standard Galerkin method and the resulting linear system is solved by a preconditioned conjugate gradient method. The value of the bubble gas pressure is calculated from the flux of gas across the bubble-liquid interface using equation (11) .
The calculations were performed using grids with approximately 1000 elements and a timestep of 10 −3 L/L. Spatial accuracy was checked by comparing calculated values for A, u,L and bubble area for one set of parameter values with those obtained using a finer grid with approximately 4000 elements and were found to be within a relative error of 0.5%. A separate check of temporal accuracy using a timestep of 5 ×10 −4 L/L found relative errors in A of at most 1% and smaller errors in other quantities.
Circular Bubbles
When the bubble area fraction is small we might expect bubbles to remain circular during the expansion, thus we can consider a simplified model where circular bubbles are surrounded by a circular liquid layer.
In cylindrical polar coordinates the liquid pressure, p, and stresses, σ rr and σ θθ , are assumed to depend on r and time t only. Neglecting inertia, the radial component of the momentum equation, ∇ · σ = 0, gives
Since the fluid area is conserved we transform from a radial coordinate r to a Lagrangian area coordinate x such that r 2 = a b + x. Here, πa b is the bubble area and πx is the general fluid area so that x = X is the Lagrangian position of the outer edge of the liquid layer. At the boundaries x = 0 and
where S is the surface tension at the bubble surface. Integrating equation (13) for the Oldroyd B fluid giveṡ
Due to the coordinate transformation, the evolution of A rr and A θθ , given by equation (1), can be followed in the Lagrangian frame:
and
Initially A rr = 1 and A rr − A θθ = 0 everywhere.
We introduce a concentration potential ψ(x, t) so that ∂ψ/∂x = c − c 0 to aid in the numerical solution of the gas transport equation (5) [1, 4, 9] . The diffusion equation then becomes with ∂ψ/∂x = Φ(p g0 −p a b )(P g −1)/p g0 at the bubble surface, satisfying Henry's law. We impose the condition of no mass transport of gas through the outer edge of the fluid layer, x = X so that from equation (17) ψ(X, t) = ψ(X, 0).
Finally the gas pressure is given by
where we have set ψ(0, 0) = 0. Hence a uniform initial gas concentration is given by
Thin Film Approximation
In the opposite limit where the bubbles are separated by thin films, we can obtain a second one-dimensional approximation. Since there is no traction along either the bubble surface or the x-axis, the flow in the liquid region is approximately an extensional flow in the x-direction. Thus, when the fluid layer is thin, the velocity gradient and the polymer stress will be approximately uniform over the thickness of the fluid layer and we can construct a one dimensional thin film model analogous to those used to model spin lines [11, 14] .
We divide the fluid region into n trapezoidal elements and a triangle as shown in figure 2 , where ∆x i is the width of element i and ∆y i is the height of the left-hand edge.
Integrating the momentum equation (2) over element i and applying the divergence theorem we obtain
where C i is the boundary of element i. We assume that, since the fluid layer is thin, the stress components, π xx and π yy , are independent of y. Thus the integrals along the vertical edges are
The contribution from the gas-liquid interface is obtained by using the boundary condition π · n = (−p g + Sκ)n where the curvature, κ, is given by κ = ∆y
Thus the contribution from the gas-liquid interface becomes
Finally, the contribution from the symmetry line along the bottom of element i is (−p + σ yy )ŷ dx.
Contributions from each of the four integrals are then combined. Balancing the y components gives an expression for the pressure in the fluid,
The x components relate the stress and fluid pressure at the left hand end of each element to that at its right hand end; using equation (19) to eliminate the fluid pressure we obtain the non-dimensional equation for the force balance on each element,
To obtain an expression for the expansion rate,L, we again consider the work done in expanding the bubble an infinitesimal amount as in equation (7). For our discretised system we obtain
(∆y i+1 + ∆y i )∆x i is the area i and C i = ∆x 2 i + (∆y i+1 − ∆y i ) 2 the length of the bubble-liquid interface of element i. Thus
where we have defined Ψ = (σ xx − σ yy )∆y. For the Oldroyd B fluid
while from equation (8), the evolution of the elastic stresses is given by
We shall assume that gas diffusion is effectively instantaneous so that gas concentration is uniform throughout the fluid. This will be valid provided that time for the gas to diffuse across the length BC is short compared to the bubble expansion time (N ≫ De).
By Henry's law the amount of gas that has diffused into the bubble is
and so from conservation of mass (11)
Finally, conservation of fluid area requires that
Equations (20)- (26) govern the deformation of the region under consideration.
As with the calculation of the full finite element problem, we separate the solution of the force balance and conservation of mass equations from the evolution of the constitutive equation. Using an initial estimate for the expansion rate at the midpoint of the window we calculate values of ∆y i from equation (20) using the Crank-Nicolson method to evaluate the curvature terms, we then adjust the expansion rate via a secant method to satisfy equation (21) using values of d∆x/dt obtained from equation (26) . In order to conserve the area of the whole of the fluid region the change in area of the triangle is calculated and distributed equally between the trapezia allowing their lengths to be adjusted. Once the ∆y and ∆x have been updated the bubble gas pressure is calculated by equation (25) and the stresses are updated by evolving equation (23).
Results and Discussion
We assume that the bubbles are sufficiently far from each other initially that they are circular and that the polymers are unstretched. We do not attempt to model nucleation and the very early stages of bubble growth so the value of the initial bubble radius, R 0 , is not the value at nucleation but that defined by the gas pressure being at p g0 .
For an isolated spherical bubble, the only effect of surface tension is to modify the pressure difference between the gas and the fluid and, hence, the final bubble size. Consequently the expansion of an isolated bubble is governed by three timescales [9] : a polymer relaxation time, τ ; a viscous growth time, τ /De; and a gas diffusion time, τ /N. However, bubbles expanding in a hexagonal lattice do not necessarily remain circular so that there is an additional timescale controlling the expansion: the time for surface tension to restore circular bubbles. At high capillary number the surface tension timescale is much longer than the bubble expansion timescale and so the bubbles expand to some quasi-equilibrium shape before relaxing to either a circular shape or, if the gas area fraction is greater than the maximum of π/(2 √ 3) = 0.907, to circular arcs connected to thin, 'black', films.
We first consider the case when the rate of gas diffusion is faster than the expansion rate (N ≫ De). In this regime we would expect to see the effects of viscoelasticity as the expansion rate is controlled by the fluid rheology. If gas diffusion is instantaneous then the gas concentration throughout the fluid region will be equal to
When the expansion is rapid compared to the polymer relaxation time (high Deborah number) it can be divided into two regions. Initially we see a period of rapid expansion as the resistance to expansion is from the solvent alone.
In figure 3 we compare the expansion of a bubble in a viscoelastic liquid and Newtonian liquid of the same zero-shear-rate viscosity. In these simulations the initial bubble area fraction is φ 0 = 0.630 and p g0 = 10p a , so that in the absence of surface tension the dimensionless bubble area grows from π to final value of 36.73 equivalent to a bubble area fraction of 0.952. Since the solvent contribution to the zero-shear-rate viscosity is smaller by a factor 1 − β in the viscoelastic liquid the early expansion is more rapid for increasing β. The normal stress difference increases during this phase until it balances the gas pressure difference. Beyond this time further expansion occurs, as the polymer stress relaxes, at the polymer relaxation rate. This two-phase expansion behaviour was seen in our earlier calculations for spherical bubbles [9] .
Comparing the shape of the liquid-bubble interface at equal bubble areas we find that bubbles in viscoelastic liquids have a flatter thicker window than in a Newtonian fluid. Initially the extension rates are highest in the middle of the window, producing higher polymer extensions that resist further extension of this region. Indeed, for high Deborah number expansions we see an elastic recoil in which fluid is pulled back towards the middle region so that the window thickens there eventhough the bubble is still expanding. This elastic recoil can be seen in figure 4 where we show the evolution of the thickness of the narrow end of the liquid region (AD in figure 1 ). As the fraction, β, of polymer to solvent contributions to the zero-shear-rate viscosity is increased the magnitude of the 'bounce' increases and the minimum thickness occurs earlier.
This phenomenon can be explained by considering the force balance within the thin film approximation. In the limit of zero surface tension, Ψ = (σ xx −σ yy )∆y is independent of x, from equation (20) . Consequently, for the Oldroyd B model, equation (22) we have
where F (t) = √ 3DeLP g is independent of x. Thus for high Deborah numbers and small t, when β(A xx − A yy )∆y ≪ F (t), the absolute change in ∆y is approximately equal for all x, and so the largest strain occurs at the thinnest part of the window. For large values of A xx , the polymeric stress difference is given approximately, from equation (23) , by
The polymeric stress difference grows rapidly as ∆y decreases until at ∆y ≃ β(∆y 0 ) 2 e −t /F (t) the elastic stress balances the pressure difference driving the expansion. In the case of an isolated bubble [9] symmetry requires that this balance is achieved simultaneously at all points on the bubble surface, however for bubbles expanding in an array this balance occurs first at the minimum thickness. Since F (t) is controlled by the overall expansion of the window, it continues to decreases faster than the polymer relaxation rate, and so in order to maintain equality in equation (27) ∆y must increase in regions of the window where the elastic balance has been achieved. Only once the stress balance is achieved across the window is the expansion rate slowed to the polymer relaxation rate, beyond which time the minimum thickness decreases again. Figure 5 shows snapshots of the polymer stress distribution in the liquid during At small capillary numbers surface tension affects the bubble growth in two ways: it relaxes towards a circular bubble; and it reduces the final bubble size by maintaining a higher bubble gas pressure. We do not attempt to model window breakage and the final, surface tension driven, phase of the expansion here. In the absence of intermolecular forces windows will not break in finite time but tend to circular arcs connected by very thin, 'black', films. The rupture of thin films due to Van Der Waals forces is considered by Vaynblat, Lister and Witelski [26] and Zhang and Lister [28] who include depth dependent, inter-molecular, forces.
In figure 6 we compare the evolution of the length of the edge BC between Newtonian and viscoelastic liquids of the same zero-shear-rate viscosity for three different values of the capillary number, Γ = 0.2, 1 and 5. In the Newtonian case the bubble expands in area up to a time of around t = 0.3. After this time surface tension acts to restore circular arcs by drawing fluid towards the corner region. In a viscoelastic fluid at large Deborah number the bubble initially expands rapidly until a stress balance is achieved betwen the bubble pressure and the elastic stress difference at t = 0.05. After this time there is a competition between viscoelasticity and surface tension, with surface tension trying to draw fluid into the corners while viscoelasticity tries to pull fluid in from the corners. At small capillary numbers (Γ = 0.2) surface tension dominates over viscoelasticity. The edge length CD reaches a minimum at the end of the bubble expansion phase and then grows again as the shape relaxes to a circle. Surface tension reduces the final bubble size which reduces the strain available for stretching the polymers. The viscoelastic stresses are smaller and the differences between the Newtonian and viscoelatic case are mostly due to change in solvent viscosity. For intermediate capillary numbers (Γ = 1) the bubbles develop more of a hexagonal asymmetry as they expand so that there is larger recovery of the edge length in relaxing to a circular bubble. This relaxation is noticably slower for the viscoelastic fluid because the elastic stresses resist the effects of surface tension by pulling fluid away from this region. At large capillary number (Γ = 5) the viscoelastic stresses dominate initially so that fluid is drawn out of the corners as minimum thickness increases. However, ultimately surface tension will restore circular arcs once the polymer stresses have relaxed. This competition between viscoelastic and surface tension forces is also seen in thickness of the minimum depth AD. In figure 7 we see that the magnitude of the 'bounce' at t = 0.05 is much smaller for Γ = 1 than for Γ = 5 and that the thickness then decreases again as surface tension pulls fluid into the corner region. For Γ = 0.5 and lower, the minimum is lost altogether.
In the limit of infinite gas diffusivity the initial bubble pressure is set by Henry's law to be p g0 . However, at finite gas diffusivity a number of different choices have been suggested [10] . Following [10] we choose the initial gas pressure equal to dynamic equilibrium bubble pressure, P g = 1/(DeΓ), so that the bubble only expands due to diffusion of gas into the bubble. The initial gas concentration, c 0 , in the liquid is chosen to be so that the total amount of gas in the system and hence the final bubble area is the same as the simulations for N → ∞. Figure 8 shows the effect of diffusivity on bubble expansion for β = 0.5, De = 10, φ 0 = 0.630 and 1/Γ = 0. For N ≫ 1 we recover the behaviour seen in figure 3 of a rapid initial expansion limited by viscosity followed by slower rate of expansion controlled by stress relaxation. At lower diffusivities the initial rate of expansion is limited by the availabity of gas to drive the expansion, however, even at N = 0.1 the expansion rate is still sufficiently rapid to stretch the polymers so that for t > 1 the expansion follows the behaviour for N ≫ 1. For very small diffusivities N ≪ 1 the diffusion limited expansion rate is too small to stretch the polymers and the bubble growth is the same as for a Newtonian fluid with equal zero-shear-rate viscosity.
The effect of initial bubble area fraction on its subsequent expansion is shown in figure 9 . Here we show the evolution of the bubble area for different φ 0 in the range 0.1-0.75 with p g0 = 10p a , De = 5, β = 0.5, N → ∞ and 1/Γ = 0. Since gas is transported from the fluid into the bubble during the ratio of the final to initial bubble radii, R f /R 0 , is given by
which decreases with increasing φ 0 for large DeΓ. resisting fluid layer is thinner. However, the bubbles grow to a smaller size due to the lower amount of gas in the system. Also shown on figure 9 are the bubble areas predicted by the two one dimensional approximations. As expected the circular approximation is most accurate for small area fractions. However, the bubble area evolution is predicted quite accurately for all values of φ 0 shown. Conversely the thin film approximation is most accurate at high area fractions, but again the preditions of bubble area growth are accurate for φ 0 as low as 0.23.
In figure 10 we compare the shape of the bubble between the full simulation and the thin-film approximation at t = 1 for the three largest values of φ 0 in figure 9 . The thin-film model reproduces qualitatively the behaviour seen with the full calculations including the elastic recoil behaviour. However, for φ 0 < 0.63 it underestimates the difference in thickness between the thinnest and thickest parts of the film. Unlike the full two-dimensional calculations, this one-dimensional theory does not impose the π/3 tangent to the bubble surface at the point C where the free surface meets the edge of the next image. Consequently it appears easier to draw fluid out of the strut than is true in practice.
At small area fractions and large surface tension the bubbles remain circular. Figure 11 shows the evolution of the maximum and minimum bubble radius obtained from the full two-dimensional calculations compared to the radius predicted by the circular approximation. In these simulations we include the effects of surface tension by setting Γ = 1, while other parameters are the same as those used in the simulations in figure 9 . We find that the bubbles remain approximately circular until their area fraction reaches 0.5 and that the radius predicted by the circular approximation is always between the maximum and minimum radius.
Bubbles expanding in a pompom fluid
The phenomena described in previous section arise from the extensional strain hardening of the Oldroyd B fluid. In a rapid extensional flow (i.e. |∇u|τ > 1/2) the extensional stress grows exponentially without bound. In the bubble expansion problem the strain experienced by a fluid element is limited by the supply of gas to Hencky strains of no more than 1.6. Thus for dilute solutions of large molecular weight polymers this is far below the strains required to see the effects of finite extensibility. However, more concentrated solutions and melts show much weaker strain-hardening. In this section we explore how the results in the previous section are affected by changing the constitutive model to one in which there is an upper limit on the extensional stress provided by the polymer.
We will use the differential version of the original pompom model [16] , but with the modification introduced by Blackwell et al [6] . The model is obtained by considering a melt of 'pompom' molecules formed by connecting two q-armed star polymers with a backbone chain. The presence of the branch points at the ends of the backbone chain inhibits its motion along its tube, so that stretch and orientation relaxation times of the the backbone, τ s and τ respectively, are controlled by the relaxation of the star arms. The backbone chain segments will become extended by an extensional flow with velocity gradient, |∇u| > 1/τ s . However, once the extension in the backbone becomes equal to q, part of the star arms are withdrawn into the backbone tube, thereby reducing the stretch relaxation time to balance the imposed extension rate. The effect is to limit polymer contribution to the extensional stress to 3Gq 2 , where G is the elastic modulus.
In order to facilitate comparison with our Oldroyd B calculations we shall consider a single pompom mode together with a solvent term so that equation (2) is replaced by
The tensor A remains given by equation (1) where τ is now the the orientation relaxation time, while the backbone stretch, λ, is given by
up to the maximum stretch, q. We use same non-dimensionalisation used for the Oldroyd B model, so that the Deborah number is based upon the orientation relaxation time, τ . As well as the dimensionless groups listed in table 1, we now have two additional dimensionless groups: q, the number of arms and De s = Deτ s /τ , the Deborah number based upon the stretch relaxation time.
In figure 12 we show the transient stress difference for the pompom model during start up of planar extensional flow for diffent values of q at De = 30, Thus by varying q we can control the degree of extension hardening of the fluid. Figure 13 shows the evolution of bubble area for the pompom model at different values of q for β = 0.8. The parameter values are the same as for figure 3, i.e. φ 0 = 0.63 and p g0 = 10p a , except that we have chosen to make the stretch Deborah De s = 10 rather than the Deborah number based on orientation relaxation time, as it is the stretching rather than the orientation of backbones that contributes to the viscoelastic stress. The solid line in figure 13 shows the bubbble expansion for the case of pure solvent. As expected the bubble area is smaller for higher values of q, but what is somewhat surprising is that the differences between the different values of q are so small. This demonstrates that the evolution of bubble area is not particularly sensitive to the degree of strain-hardening provided the polymer is strain-hardening for small strains.
However, when we examine the evolution of the minimum thickness, AD, shown in figure 14 we find a marked difference between small and large values of q. For large values of q we see the minimum or 'bounce' in thickness found earlier with the Oldroyd model as the highly stretched fluid in the centre relaxes by pulling fluid in from the corners. However, for small values of q we see the opposite behaviour. Fluid is now drawn away from the thinnest part of the window, so that it becomes thinner even than the case of pure solvent. Thus in contrast to the case of the Oldroyd B fluid the polymer stresses produce a window that is less uniform in thickness.
For the pompom model equation (27) is replaced by
where S = A/Tr(A) is the orientation tensor. Thus the polymer contribution is limited to at most 3βq 2 ∆y. Consequently in regions of the window where λ has stretched to its maximum value, the polymer contribution is proportional to ∆y, so that the thicker regions will expand at the expense of the thinner regions.
Although we have only examined the pompom model, this phenomenon will occur in any viscoelastic model for which the polymeric extensional force (per unit length) (σ xx − σ yy )∆y decreases with increasing strain -the planar extensional analogue of the Considère condition discussed by McKinley and Hassager [15] .
Axisymmetric Models
The foam structures in this paper are constructed from two-dimensional rather than three-dimensional bubble arrays and there are important geometric differences between expansion in two and three dimensions. However, the thin- film model can be extended to two axisymmetric problems that model the expansion of struts and windows in three dimensions. In the first, the axis of symmetry is AB giving a geometry that represents a strut in an open cell foam ( figure 15 ). In the second, the axis of symmetry is AD giving a geometry that represents a circularly symmetric section of the window between two bubbles (figure 16).
Strut in an Open Cell Foam
The arguments of section 3.4 may be followed in the axisymmetric case by integrating the axial force over the surface of a wedge shaped fluid element as shown in figure 17 . The curvature on the liquid-gas interface now has two terms. In addition to the longitudinal curvature there is a second term from the azimuthal curvature, giving κ = ∆r
Combining thex components gives the following non-dimensional force balance on each fluid element, equivalent to equation (20) 
where Ψ = (σ xx − σ rr )∆r 2 .
In order to link the extension of the strut to the volume expansion of the foam we must define an effective cell volume associated with this section of strut. One way to do this is to regard the strut section as half of an edge in a space filling regular truncated octahedron (or plane-faced isotropic tetrakaidecahedron) that is the straight-edged approximation to Kelvin's cell. This definition gives a cell volume of 8
where L is the length of the strut so that the effective bubble volume fraction
where V f is the volume of fluid in the strut. Although this geometry represents a strut in an open cell foam we assume that there is a 'skin' round the outside of the foam so that gas pressure is prevented from leaking away allowing it to drive the expansion. Using equation (7) the pressure difference, P g , is related to the stress in the liquid by
where C i is now the surface area of the gas-liquid interface of element i. Conservation of fluid volume gives 1 ∆x
and the gas pressure is given by,
In the Oldroyd B model,
where the evolution of A is given by 
Circularly Symmetric Section of the Window Between Two Bubbles
For the second axisymmetric case we integrate the momentum equation, using the divergence theorem, round the surface of the section of fluid element shown in figure 18 . This leads to the following force balance Once again we use the truncated octahedron to define an effective cell volume based on its ratio of volume squared to surface area cubed. With this definition the effective cell volume, V c , is given by
where L is radius the of the circular window.
From equation (7) we obtain
where Υ = (σ yy − σ rr )r d∆y dt + (σ θθ − σ rr )∆y dr dt .
Gas pressure is obtained from mass conservation as
In this geometry the volume of a fluid element is given by
and so conservation of volume gives,
For the Oldroyd B fluid the stresses, σ rr , σ yy and σ θθ are given by,
together with the evolution equations
The method of solution is as described in section 3.4 for the thin-film approximation to planar flow.
Results For Axisymmetric Models
In the planar array the surface tension arising from the curvature of the bubble-liquid interface acts to restore circular bubbles and to limit the size of the bubble by modifying the bubble gas pressure. In the axisymmetric geometries the presence of the extra curvature adds a second surface tension term. In the case of the liquid strut it acts in the opposite direction, providing a capillary pressure proportional to 1/∆r. As the strut extends this azimuthul curvature ultimately dominates and in a Newtonian fluid causes the minimum radius to decrease linearly in time until the breakage occurs. However, Entov and Hinch [7] show that a viscoelastic filament stretching due to capillary pressure thins much more slowly than a Newtonian fluid due to the resistance provided by the polymers. The radius reduces exponentially at the (longest) relaxation rate and break-up only occurs in finite time due to the limited extensibility of the polymers in their FENE constitutive model. Figure 19 shows the effect of viscoelasticity on the minimum radius of the strut. For high Deborah numbers and moderate capillary numbers the dynamics can be divided into three phases. First, we see the same rapid expansion driven by the gas pressure as in the planar case. The Newtonian strut thins more slowly during this phase due to its higher fluid viscosity. After this phase of bubble expansion the thinning of the strut is driven by capillary pressure. For moderate capillary numbers, (1/Γ ≤ 2 in figure 20 ) the extension rate falls below the coil-stretch transition rate so that the polymers begin to relax. However, as the strut continues to thin the rate-of-extension increases so that the polymers become extended again. In the final phase the capillary pressure is resisted by the polymer stress, so that for β > 0 the minimum radius decreases exponentially. These last two phases are equivalent to the first two phases of filament stretching discussed by Entov and Hinch. We do not see their final phase of finite time break-up as our Oldroyd B model does not include finite extensibility.
In the circularly symmetric window section the axisymmetric curvature term is proportional to ∆y ′ /r and acts in the same sense as the surface tension associated with the interface, thus inhibiting bubble growth. The presence of the second surface tension term means that surface tension has a greater effect on reducing the bubble expansion for the same value of the capillary number. The effects of viscoelasticity are the same as for the planar case, since the Oldroyd B model has the same strain-hardening behaviour in biaxial, planar and uniaxial extension.
Conclusions
In this paper we have considered the effects of large gas volume fraction on the expansion of gas bubbles in a viscoelastic fluid. Initially the bubbles are effectively isolated, but as they expand the liquid surrounding them becomes stretched into thin films separating neighbouring bubbles. Our twodimensional calculations capture this changing structure for planar bubbles in a hexagonal array. Although this is not the geometry found in real threedimensional foams, the results of the previous section suggest that the effects of viscoelasticity are qualitatively similar between two and three dimensions.
Viscoelasticity controls the bubble growth when the gas diffusion is sufficiently rapid to allow the bubbles to expand at a rate faster than the polymer relax-ation time. In this regime we see the same two stage expansion found previously for isolated spherical bubbles [9] . The bubbles initially grow rapidly until they reach a size where the elastic polymer stress balances the pressure difference. Beyond this time the bubbles continue to grow at the polymer relaxation rate as the stress relaxes. During the initial phase the polymers become most extended in the mid sections of the windows where the fluid layer is thinnest. Once stretched the polymers resist further extension and draw fluid back from the corners during the relaxation phase. The result is that polymeric foams have a more even thickness of fluid surrounding the gas bubbles than Newtonian foams, provided that the system is quenched before surface tension restores the interface to circular arcs. The extension hardening of the polymer acts to stabilise the fluid interfaces against breakage.
As well as the full two-dimensional calculation we also considered two onedimensional approximations: a circular model valid at low gas area fractions and a thin film model valid at high gas area fractions. Both of these simplified models gave accurate predictions of the bubble area over a wide range of parameter values, suggesting that gas area is not particularly sensitive to the detailed flow in the films. This suggests that models of three dimensional foams that assume spherical symmetry should give accurate predictions of bubble volumes to quite high gas volume fractions. However, these approximate models only captured the detailed shape of the fluid films over a much more restricted range of parameters, although the thin film model does give the correct qualitative behaviour. Thus for high gas volume fractions threedimensional foams could be investigated using an analogue of the thin film model to avoid having to compute the full three dimensional flow.
In this paper we have generally used the Oldroyd B fluid to model the polymeric fluid. Although this simple model reproduces the extension hardening characteristic of dilute polymer solutions it has several shortcomings. In particular it has a constant viscosity in shear and has infinite extensibility. However, these shortcomings are less important in the flow considered here. The flow is almost shear free and the extensions are limited by the growth of the bubble which is determined by the available supply of gas.
In order to determine the sensitivity of the results to the degree of strainhardening, we replaced the Oldroyd B fluid with a 'pompom' fluid for different values of the extensibility parameter q. We find that while the predicted bubble area changes only slightly with q the shape of the interface is quite different. For fluids with limited strain-hardening (small values of q) the elastic stresses pull fluid away from the thinnest part of the window and so act to destabilise rather than stabilise the liquid films.
In this paper we have assumed that the bubbles are all identical and evenly spaced on a hexagonal array. In practice foams are disordered with a wide range of bubble sizes. In foams with bubbles of different sizes neighbouring bubbles compete unevenly for the available gas. This effect will be considered in the next paper [8] .
